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Abstract

I consider informational requirements of social choice rules satisfying

anonymity, neutrality, monotonicity, and efficiency, and never choosing the

Condorcet loser. Depending on the number of agents and the number of alter-

natives, either the plurality rule or a plurality with a runoff is characterized.

In one case, the plurality rule is the most selective rule among the rules op-

erating on the minimal informational requirement. In the other case, each

rule operating on the minimal informational requirement is a two-stage rule,

and among them, a plurality with a runoff is the rule whose choice at the first

stage is most selective. These results not only clarify properties of the plu-

rality rule and a plurality with a runoff, but also explain why they are widely

used in real societies.

Keywords: Condorcet loser, informational requirement, plurality rule, plu-

rality with a runoff.
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1 Introduction

Imagine that you are the rule designer. Your intention is to choose the best alter-

natives. (Ties are allowed.) Along with standard axioms such asanonymityand

neutrality, assume that you want to avoid the Condorcet loser and to minimize the

cost of informational processing. Moreover, you do not want to depend on a tie-

breaking rule as much as possible. Then, what is the “right” rule? This paper gives

the answer to this question. The answer is either a plurality rule or a plurality with

a runoff; it is the plurality rule if and only ifn = 2 or m = 2 or (n,m) = (4, 3),

wheren is the number of agents, andm is the number of alternatives; in all the

other cases, the answer is a plurality with a runoff. Thus, in most cases, we have a

plurality with a runoff as the answer to the designer’s question.

I believe that the informational requirement is one of the most important fea-

tures of each rule. For example, if we ignore the informational aspects of rules, it

would be difficult to explain why the plurality rule is most dominant in our lives.

Sato (2009) shows that among the one-stage rules satisfyinganonymity, neutrality,

monotonicity, andefficiency, the plurality rule operates on the minimal informa-

tional requirement, and the plurality rule is more selective than each other such rule

operating on the minimal informational requirement. Sato (2009)’s result theoreti-

cally supports our intuition and experience that, compared with other “reasonable”

social choice rules, a main advantage of the plurality rule lies in its simplicity and

selectivity.

However, it is well known that the plurality rule can choose “bad” alternatives.1

Thus, in this paper, in addition toanonymity, neutrality, monotonicity, andeffi-

ciency, I require each rule not to choose theCondorcet loser. The Condorcet loser

is the counterpart of theCondorcet winnerwhich wins a strict majority against

each alternative in a pairwise comparison. The Condorcet loser is defeated by each

1For example, see Nurmi (1999, Section 3.1).
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other alternative. If you consider that the Condorcet winner is the best alternative

when it exists, then you should be ready to accept the view that the Condorcet loser

is the worst alternative. Even if you do not consider that the Condorcet winner and

the loser are the best and the worst alternative,2 it is reasonable to exclude the Con-

dorcet loser from the social choice; it would be widely accepted that the Condorcet

loser is not the best alternative, and hence should not belong to the social choice.

As I mentioned earlier, in most cases, the answer to the the designer’s question

is a plurality with a runoff, which is another widely used rule, especially in “se-

rious” social choice problems such as elections of the president in some nations,

the dean of faculties, and so on.3 This result is consistent with our intuition that

although a plurality with a runoff uses more amount of information, it is still suffi-

ciently simple, and more “correctly” reflects preferences than the plurality rule.

Finally, I discuss related literature. Fishburn (1977) is closest to my work in the

sense that we both study informational requirements and discriminability (or selec-

tivity) as they would give us important insights on social choice rules. Conitzer and

Sandholm (2005) studycommunication complexitiesof eleven widely used voting

rules. Among many differences, the most significant and essential one between

my approach and Conitzer and Sandholm (2005) is that I consider a minimal infor-

mational requirement as an “axiom” and hence measuring the informational size

of specific social choice rules is not my objective while it is in Conitzer and Sand-

holm (2005). The plurality rule is axiomatically characterized by Richelson (1978);

Roberts (1991); Ching (1996); Yeh (2008), among others, but I do not know any

characterization of a plurality with a runoff.

2I believe that choosing the Condorcet winner whenever it exists is not necessarily an appealing

property of a rule.
3Precisely speaking, a plurality with a runoff in this paper is slightly different from some of them.

In this paper, if an alternative winning a majority in a weak sense (50 out of 100) in the first stage,

then there is no second stage, and the alternative is the winner. In real societies, an alternative is

often required to win astrict majority (51 out of100) to be the winner without the second stage.
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This paper is organized as follows. Section 2 gives basic notation and defi-

nitions. Section 3 gives main results. Section 4 concludes the paper. Proofs are

collected in the Appendix.

2 Basic notation and definitions

For each real numbera, let ⌈a⌉ denote the smallest integer greater than or equal to

a. Let N = {1, . . . , n} be a finite set ofagentswith n ≥ 2, andX be a finite set

of alternativeswith |X| = m ≥ 2. LetX be the set of all nonempty subsets ofX.

For eachx ∈ X, I write x for {x} when the omission of the braces does not cause

confusion. For eachA ∈ X , letL(A) denote the set of alllinear orders(complete,

transitive, and antisymmetric binary relations) onA. Let L denoteL(X). Each

linear order can be represented as a ranking of the alternatives without ties. I

use linear orders to represent agents’ preferences over eachA ∈ X . Let R be

our generic notation for a linear order. When a preference relation belongs to a

particular agenti ∈ N , we write it asRi. The strict parts ofR andRi are denoted

by P andPi, respectively. Ann-tupleR = (R1, . . . , Rn) is apreference profile.

For eachR ∈ L(A) and eachk ∈ {1, . . . , |A|}, let rk(R) denote thekth ranked

alternative according toR in A. For eachR ∈ L and eachA ∈ X , letR|A ∈ L(A)

be the restriction ofR to A. Let R|A = (Ri|A)i∈N . For eachA ∈ X , each

x ∈ A, and eachR ∈ L(A)N , letN(R, x) be the set of agents who most preferx

atR, and letn(R, x) = |N(R, x)|. I often writeN(x) andn(x) for N(R, x) and

n(R, x), respectively, when the preference profile under consideration is obvious.

I consider a rule consisting of at most two stages.4 In our definition of a rule,

I use partitions of the set of linear orders as domains of social choice rules in

each stage. I explain an idea behind the formulation. Because we are interested in

informational requirements, we have to explicitly account for a kind of information

4This is for simplicity. With more than two stages, my results do not change.
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each social choice rule uses. As an example, consider the plurality rule. It chooses

the most preferred alternatives by the largest number of agents. Then, each pair

Ri andR′
i such thatr1(Ri) = r1(R

′
i) are “equivalent” from the viewpoint of the

plurality rule. This is because the plurality rule uses information only on what are

the top ranked alternatives. In other words,Ri andR′
i send the same “message”

to the plurality rule. Based on this observation, for eachx ∈ X, let M(x) be the

collection of allR ∈ L such thatr1(R) = x. Let Mi = {M(x) | x ∈ X}

for eachi ∈ N . Then,Mi is a partition ofL, and eachMi ∈ Mi tells us what

is the top ranked alternative by agenti. SuchMi andMi are called amessage

and amessage space, respectively. For the plurality rule, eachmessage profile

M = (M1, . . . ,Mn) contains enough information to make a social choice.

Next, consider the Borda rule. Intuitively speaking, the Borda rule needs much

more information on agents’ preferences than the plurality rule. A finer message

space reflects this fact; for the Borda rule, noRi andR′
i with Ri ̸= R′

i are “equiva-

lent”. Thus, the message space for the Borda rule isM′
i = {{Ri} | Ri ∈ L}. Two

distinct preference relations serve as distinct messages.

Generally speaking, the further information is required, the more pairs of pref-

erence relations should be distinguished from the viewpoint of the rule. This obser-

vation motivates our definition of an informational size of a rule. What is important

at this point is that coarseness of each message space tells us the informational re-

quirement of each rule, and message spaces are explicitly incorporated into the

definition of a rule.

Following the definition, I explain each component.

Definition 2.1

A rule consists of the following components:

• (A set of message profiles) For eachi ∈ N , Mi is a partition ofL and

M = M1 × · · · ×Mn,
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• (A social choice rule in the first stage) f is a function fromM intoX×(X∪

{∅} ∪ {0}) such thatf1(M) ⊃ f2(M) for eachM ∈ M with f2(M) ̸=

0, wheref1(M) andf2(M) are the first and the second component off ,

respectively.

⋆ The following components are necessary if and only ifI ≡ {A | A =

f(M) with f2(M) ̸= 0 for someM ∈ M} ̸= ∅.

• (A tie-breaking rule ) T is a function fromI into X such thatA1 \ A2 ⊂

T (A) ⊂ A1 for eachA ∈ I. LetA ≡ {T (A) | A ∈ I}.

• (A set of message profiles in the second stage) For eachi ∈ N and each

A ∈ A,M(A)i is a partition ofL(A), andM(A) = M(A)1×· · ·×M(A)n.

• (A social choice rule in the second stage) For eachA ∈ A, fA is a function

from M(A) intoX such thatfA(M) ⊂ A for eachM ∈ M(A).

I explain a procedure of making a social choice according to a rule. First, agents

send a message profileM = (M1, . . . ,Mn) to the social choice rulef . The

message profile contains information on preferences overX. Although I callf a

social choice rule, it does more than usual ones. The value off at M consists

of two componentsf1(M) andf2(M). The first componentf1(M) is a social

choice in the first stage. If the second componentf2(M) is 0, then we do not

proceed to the second stage. In this case, the social choice as a whole isf1(M).

Other than0, f2(M) can take a value inX ∪ {∅}. In this case, we proceed to

the second stage, and we interpretf2(M) as the set of alternatives subject to tie-

breaking before the second stage. To be consistent with this interpretation, we

assumef2(M) ⊂ f1(M). Whenf2(M) = ∅, then each alternative inf1(M)

proceed to the second stage. The other extreme is the casef2(M) = f1(M).

In this case, each alternative inf1(M) is subject to tie-breaking before the sec-

ond stage. Generally, each alternative inf1(M) \ f2(M) proceed to the sec-
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ond stage, but some alternatives inf2(M) might be dropped by a tie-breaking

rule T . T [f(M)] is the set of alternatives at the beginning of the second stage.

Then, because each alternative inf1(M) \ f2(M) proceeds to the second stage,

f1(M) \ f2(M) ⊂ T [f(M)]. Because the tie-breaking rule does not add alter-

natives tof1(M), T [f(M)] ⊂ f1(M). LetA = T [f(M)]. In the second stage,

agents send a message profile inM(A) to a social choice rulefA. The message

profile contains information on preferences overA. Finally, fA makes a social

choice based on the message profile.

If I = ∅, then the rule is called aone-stage rule. “I = ∅” is equivalent to

“f2(M) = 0 for eachM ∈ M”. To describe a one-stage rule, it suffices to

specifyM andf1. If I ̸= ∅, then the rule is called atwo-stage rule. Note that it is

possible thatf2(M) = 0 for someM ∈ M in a two-stage rule.

I often useF to represent a rule. Let(M, f, T, (M(A))A∈A, (fA)A∈A) be

our generic notation for a two stage rule, and(M, f1) for a one-stage rule. For

convenience, unless clearly specified,F = (M, f, T,M(A), fA) can be either a

one-stage or two-stage rule.5 (Whenever it does not cause confusion, I drop the

subscript “A∈A” from the presentation.)

Essentially, social choice rulesf and fA in a rule are functions on agents’

preferences. Each domain of social choice rules such asM andM(A) represents

an invariance conditionof f andfA. Formally, for eachR ∈ LN , letφ(R) ∈ M

be the message profile such thatRi ∈ φ(R)i for eachi ∈ N . Then,f [φ(R)] =

f [φ(R′)] for each pairR,R′ ∈ LN such thatφ(R) = φ(R′), i.e., R andR′

belong to the same message profile. In this sense,M can be considered as an

invariance condition. I often consider a relationship between preferences and social

choices. In such cases, for simplicity, I drop “φ”, and writef(R) for f [φ(R)].

Similar arguments apply tofA on M(A). In other words, I frequently describe

5 Precisely speaking, this is an abuse of notation becauseT , M(A), andfA should be absent in

a one-stage rule.
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a rulef onM as if it were a function onLN respecting the invariance condition

M, andfA onM(A) as if it were a function onL(A)N respecting the invariance

conditionM(A).

LetR ∈ LN . For each one-stage ruleF , f1(R) is thesocial choice ofF atR.

For each two-stage ruleF , thesocial choice ofF atR is

• f1(R) if f2(R) = 0, and

• fA(R|A) if f2(R) ̸= 0, whereA = T [f(R)].

Several remarks are in order.

First, a social choice as a whole can be either single-valued or multi-valued.

Second, in a two-stage rule, by settingf2(M) = ∅ for eachM ∈ M, we have

a rule without any tie-breaking.

Third, I explicitly consider tie-breaking between the first and the second stage.

The purpose of this is to concentrate on an “essence” of social choice rules.6

Fourth, I do not consider evolution of preferences from the first to the second

stage.

I define two rules. Each rule play an important role in later sections.

Definition 2.2 (Plurality rule)

For eachx ∈ X, let M(x) = {R ∈ L | r1(R) = x}. For eachi ∈ N , let

Mi = {M(x) | x ∈ X}. For eachM ∈ M and eachx ∈ X, let n(x) = |{i ∈
6Some problem is caused due to tie breaking. For example, consider theplurality with a runoff.

As I define later, the social choice proceeding to the second stage should contain at most two alter-

natives. AssumeN = {1, 2, 3}, X = {x, y, z}, xR1yR1z, yR2zR2x, andzR3xR3y. This is a

typical situation leading to thevoting paradox. As long as a “reasonable” social choice rule (without

tie breaking) is used in the first stage,{x, y, z} is chosen. However, to proceed to the second stage,

one alternative should be dropped. Then, regardless of which alternative is dropped and how that

alternative is chosen, the choice before the second stage as a whole does not satisfyanonymityand

neutrality. This violation is due to tie-breaking, and not an essential problem. By dividing the pro-

cedure into a choice based on preferences and tie-breaking, we can consideranonymousandneutral

social choice rules.
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N | M(x) = Mi}|. The integern(x) is the number of agents who rankx at the

top of their preferences. Then, for eachM ∈ M, let fp
1 (M) = {x ∈ X | n(x) ≥

n(y), ∀y ∈ X}. The one-stage rule(M, fp
1 ) is called theplurality rule.

For eachR ∈ LN and eachx ∈ fp
1 (R),7

m× n(R, x) ≥
∑
y∈X

n(R, y) = n,

and hencen(R, x) ≥ ⌈ n
m
⌉. This fact is crucial for our results because when

⌈ n
m
⌉ ≥ ⌈n

2
⌉, for eachR ∈ LN , eachx ∈ fp

1 (R) is not the Condorcet loser. See

Section 3 for more discussion on this condition.

Definition 2.3 (Plurality with a runoff)

Before a formal definition, I explain an idea. In the first stage, each agent reports

the most preferred alternative. If some alternative wins a majority in a weak sense

(henceforth, simply “a majority”),8 the set of the alternatives winning a majority is

the social choice as a whole. (This set contains at most two alternatives.) Other-

wise, we choose two alternatives most preferred by the agents in the first stage, and

proceed to the second stage. If we cannot choose exactly two alternatives based on

the number of votes by the agents, we use a tie-breaking rule. In the second stage,

the social outcome is determined by a simple majority between the two alternatives.

I define formally. For eachi ∈ N , letMi be the one in the plurality rule. For

eachM ∈ M, let V1(M) = fp
1 (M), andV2(M) = {x ∈ X \ V1(M) | n(x) ≥

n(y), ∀y ∈ X \ V1(M)}, wheren(x) is the number of the agents whose message

is M(x). Then, letf r be a social choice rule in the first stage defined by for each

7Remember thatfp
1 (R) stands forfp

1 (φ(R)), whereφ(R) is the message profile such thatR ∈

φ(R).
8An alternative wins a majorityin a weak senseif he gets50 out of 100, in a strict senseif he

gets51 out of100.
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M ∈ M,

f r(M) =


(V1(M), 0), if n(x) ≥ n

2 for eachx ∈ V1(M)

(V1(M), V1(M)), if |V1(M)| ≥ 2 andn(x) < n
2 for eachx ∈ V1(M)

(V1(M) ∪ V2(M), V2(M)), if |V1(M)| = 1 andn(x) < n
2 for eachx ∈ V1(M).

The above three cases are exhaustive, but some cases do not occur under some

environments. For example, whenn = 2, only the first case is relevant. When

n = 3, the third case never occurs.

Let T be a tie-breaking rule onI such that|T (A)| = 2 for eachA ∈ I. For

eachA ∈ A, letM(A)i = {{R} | R ∈ L(A)}, andf r
A be a simple majority rule,

i.e., for eachM ∈ M(A), x ∈ f r
A(M) if and only if at least half of the agents

preferx to the alternative inA \ x. The rule(M, f r, T,M(A), f r
A) is aplurality

with a runoff.

In the above definition, the only requirement for a tie-breaking rule is that the

set of alternatives at the beginning of the second stage contains two alternatives.

Ties might be broken alphabetically such asT ({x, y, z}, {y, z}) = {x, y} and

T ({x, y, z}, {x, y}) = {x, z}. Ties might be broken “inconsistently” such as

T ({x, y, z}, {x, y}) = {x, z} andT ({x, y, z}, {x, y, z}) = {y, z}.

I define properties of a rule. For each ruleF , a social choice rulef (for a

one-stage rule, consider onlyf1) in the first stage satisfies

• anonymityif for each permutationσ of N and eachR ∈ LN , f(R) =

f(Rσ), whereRσ ∈ LN is defined by for eachi ∈ N , Rσ
i = Rσ(i).

• neutrality if for each permutationρ of X and eachR ∈ LN , ρ[f1(R)] =

f1[ρ(R)]9 andρ[f2(R)] = f2[ρ(R)],10 whereρ(R) = (ρ(R1), . . . , ρ(Rn)) ∈

9For eachA ∈ X , ρ(A) ≡ {ρ(x) | x ∈ A}.
10Defineρ(∅) = ∅ andρ(0) = 0. (Remember thatf2(R) can be∅ and0.)
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LN is defined by for eachi ∈ N , ρ(Ri) = {(x, y) ∈ X2 | (ρ−1(x), ρ−1(y)) ∈

Ri}.

• monotonicityif for each pairR,R′ ∈ LN such thatx ∈ f1(R), R andR′

coincide on(X \ x)2, andx = rk(Ri) = rk′(R
′
i) with k′ ≤ k for each

i ∈ N , we havex ∈ f1(R
′).

• efficiencyif for eachR ∈ L and each pairx, y ∈ X such thatxPiy for each

i ∈ N , y ̸∈ f1(R).

Anonymityandneutralitymeans a symmetric treatment of agents and alternatives,

respectively. The symmetric treatments are not only at the choice of alternatives

before tie-breaking, but also at the choice of alternatives subject to tie-breaking.

Monotonicitymeans that whenx ∈ f1(R) and the position ofx improves through

the change fromR to R′ while the relative comparison of each other pair of al-

ternatives is unchanged, thenx ∈ f1(R
′). Efficiencymeans that wheny ∈ X is

dominated by some alternative, theny cannot be chosen.

For eachA ∈ A, anonymity, neutrality, monotonicity, andefficiencyof fA for

eachA ∈ A are defined in a similar manner. (In the above definition, ignore the

condition onf2, replacef andf1 by fA, LN byL(A)N , andX byA.)

A one-stage rule satisfiesanonymityif f1 satisfiesanonymity. A two-stage rule

satisfiesanonymityif f andfA for eachA ∈ A satisfyanonymity. I useneutrality,

monotonicity, andefficiencyof a rule in a similar manner.

For eachR ∈ LN , an alternativex ∈ X is theCondorcet loser atR if |{i ∈

N | xRiy}| < |{i ∈ N | yRix}| for eachy ∈ X \ x. A rule avoids the Condorcet

loser if for eachR ∈ LN , the Condorcet loser atR does not belong to the social

choice of a rule atR.

Let R denote the set of rules avoiding the Condorcet loser and satisfying

anonymity, neutrality, monotonicity, andefficiency.
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It is easy to see that a plurality with a runoff belongs toR. Whether the plurality

rule belongs toR or not depends onn andm. For example, ifn = 2, then the

plurality rule avoids the Condorcet loser. On the other hand, ifn = m = 3, there is

R ∈ LN such thatfp
1 (R) contains the Condorcet loser. Our theorems in the next

section specify the condition onn andm under which the plurality rule belongs to

R.

As I discussed before Definition 2.1, the number of messages in each message

spaceMi is considered as the informational requirement of a rule. For each rule

F and eachR ∈ L, theinformational size ofF at R is defined by

•
∑

i∈N |Mi|, if f2(R) = 0,

•
∑

i∈N |Mi|+
∑

i∈N |M(T [f(R)])i|, if f2(R) ̸= 0.

The integer
∑

i∈N |Mi| is the informational size in the first stage. Thus, if there

is no second stage, i.e.,f2(R) = 0, then
∑

i∈N |Mi| is the informational size of a

rule atR. If f2(R) ̸= 0, the set of alternatives at the beginning of the second stage

is T [f(R)], and the message space of agenti in the second stage isM(T [f(R)])i.

Thus,
∑

i∈N |M(T [f(R)])i| is the informational size in the second stage. The

sum of the informational size of the first and the second stage is the informational

size of a rule atR.

For a one-stage rule, the informational size atR and that atR′ are the same

for each pairR,R′ ∈ LN , while not necessarily the same for a two-stage rule.

Thus, for a two-stage rule, we have some degree of freedom in the choice of the

informational size. Fortunately, for our purpose, the following definition of the

minimal informational requirement, which seems uncontroversial, is sufficient.

Definition 2.4

A rule F operates on the minimal informational requirement inR if for each rule

F ′ in R and eachR ∈ LN , the informational size ofF atR is less than or equal

to the informational size ofF ′ atR.
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When a ruleF operates on the minimal informational requirement inR, for each

ruleF ′ ∈ R, whichever preference profile we have, the informational size ofF at

the profile is not greater than the informational size ofF ′ at the profile.

3 Results

In this section, letF p = (Mp, fp
1 ) denote the plurality rule, and letF r = (Mr, f r, T r,

(M(A)r)A∈Ar , (f r
A)A∈Ar) denote a plurality with a runoff.

Theorem 3.1

Assume⌈ n
m
⌉ = ⌈n

2
⌉.

(i) The plurality rule operates on the minimal informational requirement inR.

(ii) If a rule F operates on the minimal informational requirement inR, thenF

is a one-stage rule(M, f1) such that

(a) Mi = Mp
i for eachi ∈ N , and

(b) f1(R) ⊃ fp
1 (R) for eachR ∈ LN .

Two remarks are in order.

First,⌈ n
m
⌉ = ⌈n

2
⌉ if and only if

• n = 2, or

• m = 2, or

• (n,m) = (4, 3).

Second, the theorem says that each rule operating on the minimal informational

requirement inR is necessarily a one-stage rule, and it is asupercorrespondenceof

the plurality rule. This can be considered as a characterization of the plurality rule;

it is the most selective rule among the ones operating on the minimal informational

requirement inR.
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Theorem 3.2

Assume⌈ n
m
⌉ < ⌈n

2
⌉.

(i) A plurality with a runoff operates on the minimal informational requirement

in R.

(ii) If a rule F operates on the minimal informational requirement inR, thenF

is a two-stage rule(M, f, T, (M(A))A∈A, (fA)A∈A) such that

(a) Mi = Mr
i for eachi ∈ N ,

(b) for eachR ∈ LN , f2(R) = 0 if and only if f r
2 (R) = 0,

(c) f1(R) ⊃ f r
1 (R) for eachR ∈ LN ,

(d) eachA ∈ A contains two alternatives,

(e) for eachi ∈ N and eachA ∈ A, M(A)i = {{R} | R ∈ L(A)}, and

(f) for eachA ∈ A, fA is the simple majority rule.

Several remarks are in order.

First, becausem ≥ 2, the two cases⌈ n
m
⌉ = ⌈n

2
⌉ and⌈ n

m
⌉ < ⌈n

2
⌉, considered

in Theorems 3.1 and 3.2, respectively, are exhaustive.

Second, Theorem 3.2 says that each rule operating on the minimal informa-

tional requirement inR is necessarily a two-stage rule, and the social choice rule

in the first stage is asupercorrespondenceof the one in a plurality with a runoff.

Moreover, only two alternatives proceed to the second stage, and the second stage

is the simple majority rule between them.

Third, it is more common to require a majority in a strict sense instead of a

weak sense for an alternative to be a winner without the second stage. LetF r+1

denote such a rule. Ifn is odd, there is no difference betweenF r andF r+1. As-

sumen is even. Then, at some preference profile, the informational size ofF r+1

is larger thanF r. Nevertheless, it would be safe to say that the difference is prac-
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tically negligible in such “big” social choice problems (for example, presidential

elections by a people) that the cost of information processing matters.

Fourth, we have a characterization of a plurality with a runoff. Assume that

you are the rule designer, and that you want to choose a rule inR. Also, you want

a rule with the least informational requirements. Moreover, in the first stage, you

want the rule to be as selective as possible. In other words, you do not want to

depend on a tie-breaking rule as much as possible. Then, the answer is a plurality

with a runoff.

4 Concluding remarks

What we understand through this paper and Sato (2009) concerning the cost of

information processing can be summarized as follows:

Anonymity

Neutrality

Monotonicity

Efficiency

No Condorcet loser


+[minimal information]+[selectivity]=


plurality,

or

plurality with a runoff,

and 

Anonymity

Neutrality

Monotonicity

Efficiency


+ [minimal information]+ [selectivity]= plurality.

Unlike usual “+”, the above “+” are not commutative. If we first imposed min-

imality of informational requirements, then constant rules would be the answer.

Thus, the above formulas should be read from left to right.

The difference between the left sides of the two formulas is “No Condorcet

loser”. If ⌈ n
m
⌉ = ⌈n

2
⌉, this difference does not make a difference in the “answer”.
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However, if ⌈ n
m
⌉ < ⌈n

2
⌉, the existence of “No Condorcet loser” is crucial and

changes the conclusion.

Like other axiomatic analyses in social choice theory, these results clarify prop-

erties of the plurality rule and a plurality with a runoff. In addition to this, I believe

that the results explain whey these two rules are widely used in real societies. This

is possible because we consider a practically important feature of rules, i.e., the

amount of information each rule uses to make a social choice.

Appendix Proofs

I use many permutations ofN andX. For simplicity, when I describe a permu-

tation, I do not specify the part on which the permutation is the identity function.

For example, when I say thatσ is the permutation ofN exchangingi andj, then it

should be understood thatσ is the identity function onN \ {i, j}.

Let F ≡ (M, f, T, (M(A))A∈A, (fA)A∈A) be a rule which operates on the

minimal informational requirement inR. This is either a one-stage or two-stage

rule. (See footnote 5.) However, whenever I talk aboutA, M(A), andfA, then it

should be understood that the rule under consideration is a two-stage rule.

Among the following lemmas, Lemmas A.1, A.2, and A.5 are based on Sato

(2009)’s Lemma 4.1, Lemma 4.2, and arguments in Sato (2009, p.196–197), re-

spectively. I give proofs of them for completeness.

Lemma A.1

(i) For each pairi, j ∈ N , Mi = Mj .

(ii) For each pairi, j ∈ N and for eachA ∈ A, M(A)i = M(A)j .

Proof. (i) SupposeMi ̸= Mj for some pairi, j ∈ N .

CLAIM 1: Either

(a) there isM̄i ∈ Mi such thatM̄i∩M1
j andM̄i∩M2

j for some distinctM1
j ,M

2
j ∈
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Mj , or

(b) there isM̄j ∈ Mj such thatM1
i ∩M̄j andM2

i ∩M̄j for some distinctM1
i ,M

2
i ∈

Mi.

Proof of Claim 1. Suppose neither one of (a) and (b) holds. First, I proveMi ⊂

Mj . LetMi ∈ Mi. Then, there isMj ∈ Mj such thatMi ⊂ Mj . ForMj , there is

M ′
i ∈ Mi such thatMj ⊂ M ′

i . Thus,Mi ⊂ Mj ⊂ M ′
i . BecauseMi is a partition

of L, Mi = M ′
i . This impliesMi = Mj , and henceMi ∈ Mj . BecauseMi was

arbitrary inMi, we haveMi ⊂ Mj . Symmetric arguments showMi ⊃ Mj .

Thus,Mi = Mj . This is a contradiction to the assumptionMi ̸= Mj . �

Without loss of generality, assume (a).

CLAIM 2: For eachM−j ∈ M−j , f(M1
j ,M−j) = f(M2

j ,M−j).

Proof of Claim 2. Let R1
j ∈ M̄i ∩ M1

j andR2
j ∈ M̄i ∩ M2

j . Let M−j ∈ M−j

andR−j ∈ M−j . Let σ be the permutation ofN exchangingi and j. Be-

cause(R1
j ,R−j)

σ and(R2
j ,R−j)

σ belong to the same message profile, we have

f [(R1
j ,R−j)

σ] = f [(R2
j ,R−j)

σ]. Becausef satisfiesanonymity, f([(R1
j ,R−j)

σ]σ) =

f([(R2
j ,R−j)

σ]σ). Because[(R1
j ,R−j)

σ]σ = (R1
j ,R−j) and [(R2

j ,R−j)
σ]σ =

(R2
j ,R−j), we havef(R1

j ,R−j) = f(R2
j ,R−j). This implies thatf(M1

j ,M−j) =

f(M2
j ,M−j). �

Claim 2 shows thatM1
j andM2

j in Mj do not serve as “distinct” messages.

Let M∗
j = M1

j ∪ M2
j . By mergingM1

j andM2
j into one messageM∗

j , we have

the message spaceM∗
j = {Mj | Mj ∈ Mj \ {M1

j ,M
2
j } or Mj = M∗

j }.

ReplaceMj in M by M∗
j . Let M∗ denote the resulting profile of message

spaces. Definef∗ on M∗ by f∗(R) = f(R) for eachR ∈ LN .11 Then, the

ruleF ∗ = (M∗, f∗, T, (M(A))A∈A, (fA)A∈A) is in R. Also, at eachR ∈ LN ,

11The functionf∗ onM∗ can be defined in this manner becausef respects an invariance condition

M∗.
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F ∗ operates on less informational requirements thanF . This is a contradiction to

the assumption thatF operates on the minimal informational requirement inR.

(ii) Let A ∈ A. SupposeM(A)i ̸= M(A)j for somei, j ∈ N . By similar argu-

ments in (i), we haveM(A)∗ andf∗
A on M(A)∗ such thatf∗

A(R) = fA(R) for

eachR ∈ L(A)N and
∑

i∈N |M(A)i| >
∑

i∈N |M(A)∗i |. In F , replaceM(A)

by M(A)∗, andfA by f∗
A. Let F ∗ be the resulting rule. Then,F ∗ is in R. Let

R ∈ LN be such thatT [f(R)] = A. The informational size ofF atR is greater

than that ofF ∗ atR. This is a contradiction to the assumption thatF operates on

the minimal informational requirement inR. �

Lemma A.2

For eachi ∈ N , eachM ∈ Mi, and each permutationρ of X, ρ(M) ≡ {ρ(R) |

R ∈ M} ∈ Mi.

Proof. Supposeρ(M) ̸∈ Mi. There are two cases.

CASE 1: ρ(M) ( M ′ for someM ′ ∈ Mi. Becauseρ(M) ( M ′, we have

M ( ρ−1(M ′).12 BecauseMi is a partition ofL, there isM∗ ∈ Mi such

that M∗ ̸= M and M∗ ∩ ρ−1(M ′) ̸= ∅. Let R1
i ∈ M and R2

i ∈ M∗ ∩

ρ−1(M ′). I claim that for eachR−i ∈ LN\{i}, f(R1
i ,R−i) = f(R2

i ,R−i).

Suppose not. Then,ρ[f(R1
i ,R−i)] ̸= ρ[f(R2

i ,R−i)], whereρ[f(R1
i ,R−i)] =

(ρ[f1(R
1
i ,R−i), ρ[f2(R

1
i ,R−i)]) andρ[f(R2

i ,R−i)] = (ρ[f1(R
2
i ,R−i), ρ[f2(R

2
i ,R−i)]).

By neutrality, f [ρ(R1
i ,R−i)] ̸= f [ρ(R2

i ,R−i)]. However, becauseρ(R1
i ) and

ρ(R2
i ) belong to the same messageM ′, we havef [ρ(R1

i ,R−i)] = f [ρ(R2
i ,R−i)].

12I proveM ( ρ−1(M ′). First, I proveM ⊂ ρ−1(M ′). Let R ∈ M . Becauseρ(M) ⊂ M ′,

ρ(R) ∈ M ′. Then, by definition ofρ−1(M ′), ρ−1[ρ(R)] ∈ ρ−1(M ′). Becauseρ−1[ρ(R)] = R,

we haveR ∈ ρ−1(M ′). Thus,M ⊂ ρ−1(M ′). Next, I proveM ̸= ρ−1(M ′). Becauseρ(M) (

M ′, there existsR′ ∈ M ′ such thatR′ ̸∈ ρ(M). By definition,ρ−1(R′) ∈ ρ−1(M ′). I claim

ρ−1(R′) ̸∈ M . Supposeρ−1(R′) ∈ M . Then,ρ[ρ−1(R′)] ∈ ρ(M). Becauseρ[ρ−1(R′)] = R′,

we haveR′ ∈ ρ(M), which is a contradiction.
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This is a contradiction. Therefore,f(R1
i ,R−i) = f(R2

i ,R−i). This implies that

M andM∗ can be integrated into one message without any substantial change.

(See the arguments after Claim 2 in the proof of Lemma A.1.) This is a contradic-

tion to the assumption thatF operates on the minimal informational requirement

in R.

CASE 2: ρ(M) ∩ M1 ̸= ∅ andρ(M) ∩ M2 ̸= ∅ for someM1,M2 ∈ Mi with

M1 ̸= M2. Let R1
i ∈ ρ(M) ∩ M1 andR2

i ∈ ρ(M) ∩ M2. In this case, it can

be seen thatf(R1
i ,R−i) = f(R2

i ,R−i) for eachR−i ∈ LN\{i}. (See arguments

in Case 1.) Then, two messagesM1 andM2 can be integrated into one message

without any substantial change. This is a contradiction to minimality of the infor-

mational requirement ofF . �

Lemma A.3

(i) For eachi ∈ N and eachM ∈ Mi, there isx ∈ X such thatM ⊂ M(x) ≡

{R ∈ L | r1(R) = x}.

(ii) For eachi ∈ N , eachA ∈ A, and eachM ∈ M(A)i, there isx ∈ A such

thatM ⊂ MA(x) ≡ {R ∈ L(A) | r1(R) = x}.

Proof. (i) Let i ∈ N andM ∈ Mi. SupposeM ̸⊂ M(x) for eachx ∈ X. Let

M ∈ M be such thatMj = M for eachj ∈ N . (By Lemma A.1, suchM exists

in M.) Then, there areR,R′ ∈ M such thatr1(R) ̸= r1(R
′). Let x = r1(R) and

y = r1(R
′). Let R ∈ M be such thatRi = R for eachi ∈ N . Let R′ ∈ M

be such thatR′
i = R′ for eachi ∈ N . BecauseR,R′ ∈ M , f1(R) = f1(R

′).

Becausef satisfiesefficiency, for eachz ∈ X \ x, we havez ̸∈ f1(R). By

efficiency, we also havex ̸∈ f1(R
′). Thus,f1(R) = f1(R

′) = ∅, which is a

contradiction.

(ii) In the proof of (i), replaceMi by M(A)i, X by A, M by M(A), andf1 by

fA. �
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Lemma A.4

For eachi ∈ N , Mi = Mp
i = Mr

i .

Proof. The second equality holds by definition. Thus, I proveMi = Mr
i .

Let R ∈ LN be such thatRi = Rj for eachi ∈ N . Then, the informational

size ofF r atR is nm. BecauseF operates on the minimal informational require-

ment inR andF r ∈ R, the informational size ofF atR is less than or equal to

nm. By Lemma A.3, for each pairR,R′ ∈ L such thatr1(R) ̸= r1(R
′), R and

R′ belong to different messages. This implies that|Mi| ≥ m = |Mr
i | for each

i ∈ N . Therefore, the informational size ofF atR is greater than or equal tonm.

Thus, the informational size ofF atR is nm.

STEP 1: Mi ⊂ Mr
i .

Let M ∈ Mi. Let x ∈ X be such thatM ⊂ M(x). (By Lemma A.3, such

x exists.) I claimM = M(x). SupposeM ( M(x). BecauseMi andMr
i are

partitions ofL, there isM ′ ∈ Mi such thatM ′ ⊂ M(x) andM ̸= M ′. Lety ∈ X,

andρ be the permutation ofX exchangingx andy. Then,ρ(M) andρ(M ′) are

subsets ofM(y). By Lemma A.2,ρ(M), ρ(M ′) ∈ Mi. Becausey was arbitrary,

for eachz ∈ X, M(z) contains at least two messages inMi. Thus,|Mi| ≥ 2m.

By Lemma A.1,
∑

i∈N |Mi| ≥ 2mn. Therefore, the informational size ofF atR

is at least2mn, which is a contradiction. Thus,M = M(x) andM ∈ Mr
i .

STEP 2: Mi ⊃ Mr
i .

Let M(x) ∈ Mr
i . BecauseMr

i andMi are partitions ofL, there isM ∈ Mi

such thatM(x) ∩M ̸= ∅. By Lemma A.3,M(x) ⊃ M . Then,M(x) = M can

be established by the same arguments in Step 1. �

Lemma A.5

For eachR ∈ LN , f1(R) ⊃ fp
1 (R).
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Proof. Supposef1(R) ̸⊃ fp
1 (R) for someR ∈ LN . Letx ∈ fp

1 (R) \ f1(R).

First, I claimfp
1 (R) ∩ f1(R) = ∅. Suppose that there isy ∈ fp

1 (R) ∩ f1(R).

Let σ be a permutation ofN such thatσ({i ∈ N | r1(Ri) = x}) = {i ∈ N |

r1(Ri) = y} andσ({i ∈ N | r1(Ri) = y}) = {i ∈ N | r1(Ri) = x}. By

anonymity, y ∈ f1(R
σ). Let ρ be the permutation ofX exchangingx andy. By

neutrality, x ∈ f1[ρ(R
σ)]. Note that the twon-tuples of top ranked alternatives in

R andρ(Rσ) are the same. Therefore, by Lemma A.4,R andρ(Rσ) belong to

the same message profile. Thus,x ∈ f1(R), which is a contradiction.

Let z ∈ f1(R). By the above argument,z ̸∈ fp
1 (R). Let Nx be a subset of

{i ∈ N | r1(Ri) = x} such that|Nx| = |{i ∈ N | r1(Ri) = z}|. Let σ′ be a

permutation ofN such thatσ′(Nx) = {i ∈ N | r1(Ri) = z} andσ′({i ∈ N |

r1(Ri) = z}) = Nx. By anonymity, z ∈ f1(R
σ′
). Let ρ′ be the permutation

exchangingx andz. By neutrality, x ∈ f1[ρ
′(Rσ′

)]. For eachi ∈ {j ∈ N |

r1(Rj) = x} \ Nx, lift x to the top inρ′(Rσ′
i ). Let R′′ ∈ LN be the resulting

preference profile. Bymonotonicity, x ∈ f1(R
′′). The twon-tuples of top ranked

alternatives inR andR′′ are the same. Therefore,R andR′′ belong to the same

message profile. Becausex ∈ f1(R
′′), it follows that x ∈ f1(R). This is a

contradiction to the choice ofx ∈ fp
1 (R) \ f1(R). �

A.1 A proof of Theorem 3.1

STEP 1: The plurality rule is inR.

I prove that the plurality rule avoids the Condorcet loser. LetR ∈ LN and

x ∈ fp
1 (R). Then, as I showed below Definition 2.2,n(R, x) ≥ ⌈ n

m
⌉ ≥ ⌈n

2
⌉.

Thus, for eachy ∈ X, at least half of the agents preferx to y. Therefore,x is not

the Condorcet loser.

It is easy to see that the plurality rule satisfiesanonymity, neutrality, mono-

tonicity, andefficiency. Therefore, the plurality rule is inR.
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STEP 2: For eachi ∈ N , Mi = Mp
i .

This is established in Lemma A.4.

STEP 3: F is a one-stage rule, and its informational size at eachR ∈ LN is nm.

BecauseF operates on the minimal informational requirement inR and the

informational size of the plurality rule at eachR ∈ LN is nm, the informational

size ofF at eachR ∈ LN is not greater thannm. By definition, the informational

size of the second stage of each rule is positive. Thus, there is no second stage in

F . Therefore,F is a one-stage rule, and by Step 2, its informational size at each

R ∈ LN is nm.

STEP 4: The plurality rule operates on the minimal informational requirement in

R.

By Step 3, at eachR ∈ LN , the informational size ofF and that of the plurality

rule are the same. BecauseF operates on the minimal informational requirement

in R, the plurality rule also operates on the minimal informational requirement in

R.

STEP 5: For eachR ∈ LN , f1(R) ⊃ fp
1 (R).

This is established in LemmaA.5.

A.2 A proof of Theorem 3.2

Let F = (M, f, (M(A))A∈A, (fA)A∈A) be a rule which operates on the minimal

informational requirement inR. It is clear thatF r ∈ R. Because the informational

size ofF r at eachR ∈ LN is at mostnm+ 2n, the information size ofF at each

R ∈ LN is also at mostnm+ 2n.
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STEP 1: For eachi ∈ N , Mi = Mr
i .

This is established in Lemma A.4.

STEP 2 F is not a1-stage rule.

Suppose thatF is a 1-stage rule. Letx ∈ X. There isR ∈ LN such that

x ∈ fp
1 (R) andn(R, x) = ⌈ n

m
⌉.13 Becausef1(R) ⊃ fp

1 (R) (by Lemma A.5),

we havex ∈ f1(R). For eachi ∈ N \ N(R, x), takex to the bottom ofRi. Let

R′ be the resulting preference profile. BecauseMi = Mr
i for eachi ∈ N (by

Step 1),R andR′ belong to the same message profile. Thus,x ∈ f1(R
′). Because

n(R, x) = ⌈ n
m
⌉ < ⌈n

2
⌉, a strict majority putsx at the bottom of preferences at

R′. Therefore,x ∈ f1(R
′) is a contradiction to the assumption thatF avoids the

Condorcet loser.

STEP 3: For eachR ∈ LN , f2(R) = 0 if and only if f r
2 (R) = 0.

LetR ∈ LN .

First, assumef2(R) = 0. By Lemma A.5,f1(R) containsfp
1 (R). Also, each

alternative infp
1 (R) wins a majority.14 By definition,f r

2 (R) = 0.

13I explain formally. Letα andβ be nonnegative integers such thatn = αm+ β with β < m. If

β = 0, then letR ∈ LN be such that for eachy ∈ X, n(R, y) = α. If β > 0, letA ⊂ X be such

that|A| = β andx ∈ A, and letR ∈ LN be such that for eachy ∈ X,

n(R, y) =


α, if y ∈ X \A

α+ 1, if y ∈ A.

In either case (β = 0 or β > 0), x ∈ fp
1 (R) andn(R, x) = ⌈ n

m
⌉.

14To see this, suppose that some alternative infp
1 (R) does not win a majority. Letx ∈ fp

1 (R)

be such an alternative. For eachj ∈ N \ N(R, x), takex to the bottom ofRj . Let R′ be the

resulting preference profile. Because|N \ N(R, x)| > n/2, a strict majority putsx at the bottom

of preferences. Thus,x is the Condorcet loser. By Step 1,R andR′ belong to the same message

profile. Thus,f(R) = f(R′). Therefore,x ∈ f1(R
′). Becausef2(R′) = 0, x belongs to the social
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Next, assumef r
2 (R) = 0. Then, the informational size ofF r atR is nm. By

Step 1, the informational size of the first stage ofF is nm. BecauseF operates

on the minimal informational requirement inR, there is no second stage atR, i.e.,

f2(R) = 0.

STEP 4: For eachR ∈ LN , f1(R) ⊃ f r
1 (R).

LetR ∈ LN . By Lemma A.5,f1(R) ⊃ fp
1 (R). By definition ofF p, fp

1 (R) =

f r
1 (R) in the first and the second case in the definition off r. (See Definition

2.3.) Thus, it suffices to consider the remaining case where|fp
1 (R)| = 1 and

n(R, x) < n
2 for eachx ∈ fp

1 (R). In other words, the set of winners under

the plurality rule is a singleton, and the alternative does not win a majority. Let

{x} ≡ fp
1 (R).

CLAIM 4.1: f1(R) ̸= {x}.

Proof of Claim 4.1. Becausex does not win a majority atR, the agents inN \

N(R, x) form a strict majority. Then, for eachi ∈ N \ N(R, x), takex down to

the bottom ofRi. Let R′ be the resulting preference profile. BecauseR andR′

belong to the same message profile,f(R) = f(R′). Thus, if{x} = f1(R), then

{x} = f1(R
′). Because the social choice at each preference profile cannot be∅,

x is the social choice ofF atR′. Becausex is the Condorcet loser atR′, this is a

contradiction. �

It suffices to showf1(R) ⊃ V2(R). (See Example 2.3 for the definition of

V2(R).) Supposef1(R) ̸⊃ V2(R). Let y ∈ V2(R) \ f1(R).

CLAIM 4.2: f1(R) ∩ V2(R) = ∅.

Proof of Claim 4.2. Apply the arguments of the second paragraph in the proof of

Lemma A.5. (Replacefp
1 (R) by V2(R), y byw, andx by y.) �

Let z ∈ f1(R) \ x. By Claim 4.1, suchz exists. By Claim 4.2,z ̸∈ V2(R).

choice ofF atR′. This is a contradiction to the assumption thatF avoids the Condorcet loser.
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Becausez ̸∈ (V1(R) ∪ V2(R)), n(R, y) > n(R, z). Then, by applying the argu-

ments of the last paragraph in the proof of Lemma A.5, we have a contradiction.

(Replacex by y, andfp
1 (R) by V2(R).)

STEP 5: For eachA ∈ A, |A| = 2.

LetA ∈ A.

First, assume|A| ≥ 3. By Lemma A.3 (ii),|M(A)i| ≥ 3 for eachi ∈ N . Thus,

the informational size of the second stage is at least3n. This is a contradiction to

the assumption thatF operates on the minimal informational requirement inR.

Next, assume|A| = 1. Let {x} ≡ A. LetR ∈ LN be such thatT [f(R)] = x.

This impliesf2(R) ̸= 0. (If f2(R) ̸= 0, thenf(R) does not belong to the domain

of T .) Becausef2(R) = 0 if and only if f r
2 (R) = 0 (see Step 3),f2(R) ̸= 0

implies thatx does not wins a majority atR. For eachi ∈ N \ N(R, x), take

x down to the bottom ofRi. Let R′ be the resulting preference profile. AtR′,

x is the Condorcet loser. BecauseR andR′ belong to the same message profile,

T [f(R)] = T [f(R′)]. Thus,x = T [f(R′)]. Because the social choice ofF atR′

cannot be∅, x is the social choice ofF atR′. This is a contradiction.

STEP 6: For eachi ∈ N and eachA ∈ A, M(A)i = {{R} | R ∈ L(A)}.

Let A ∈ A. By Step 5,A consists of two alternatives. LetA = {x, y}.

There are only two linear orders overA; x is preferred toy, or y is preferred to

x. By Lemma A.3 (ii), these two preferences belong to different messages. Thus,

M(A)i = {{R} | R ∈ L(A)}.

STEP 7: For eachA ∈ A, fA is the simple majority rule between the two alterna-

tives inA.

Let A ∈ A. By Step 5,A consists of two alternatives. Letfp
A be the simple

25



majority rule between the two alternatives. I provefA(R
A) = fp

A(R
A) for each

RA ∈ L(A)N . (In this step, I put a superscriptA to a preference profile overA.)

LetRA ∈ LN (A).

CLAIM 7.1: fA(RA) ⊃ fp
A(R

A).

Proof of Claim 7.1. This can be established by similar arguments in Lemma A.5.

�

CLAIM 7.2: fA(RA) ⊂ fp
A(R

A).

Proof of Claim 7.2. I prove the contrapositive; for eachx ∈ A, x ̸∈ fp
A(R

A)

impliesx ̸∈ fA(R
A). Thus, letx ∈ A be such thatx ̸∈ fp

A(R
A). Let y = A \ x.

Let R ∈ LN be such thatT [f(R)] = A. By Step 3, bothx andy do not win a

majority, i.e.,n(R, x) < ⌈n2 ⌉ andn(R, y) < ⌈n2 ⌉.

Then, there isR′ ∈ LN such thatr1(Ri) = r1(R
′
i) for eachi ∈ N , x is the

Condorcet loser atR′, and atR′|A, x does not win a majority inA by one vote.

SuchR′ can be obtained as follows; letN ′ ⊂ N be such thatN ′ ⊃ N(R, x),

N ′ ∩N(R, y) = ∅, and|N ′| = ⌈n2 ⌉ − 1. SuchN ′ exists because neitherN(R, x)

norN(R, y) forms a majority. ModifyR as follows; for eachi ∈ N ′, takey to the

bottom ofRi, and for eachi ∈ N \N ′, takex to the bottom ofRi. LetR′ be the

resulting preference profile. Then,R′ is the desired one.

BecauseR andR′ belong to the same message profile,T [f(R′)] = A. Be-

causex is the Condorcet loser atR′, x ̸∈ fA(R
′|A). At R′|A, ⌈n2 ⌉ − 1 agents

preferx to y. Remember that atRA, at most⌈n2 ⌉ − 1 agents preferx to y. By

anonymityandmonotonicity, it can be seen thatx ̸∈ fA(R
A). �

By Claims 7.1 and 7.2, we havefA(RA) = fp
A(R

A).
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